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(4 canaotbe, sine sY £ UuU~v =0.
Consides 1o guontity A/w' = Uudy — Uuldv .
In Hhe case where U=dx, U=dy, and
S=28%2., t=t"2., we hoae
Auv SHEY = UugySHEY — Gully SHEY

= S*4LY —gY€™ ,  Loniecn is e

3(3meol arRe spanned 4 He +wo wecters

in the x-y plane! We give MR antigymmetric
product between U and U e name wedee prduct,

. A ~ ~
and it is written ag U AU,



ln +easor procluct notarion, we nage:
A= UNT , ond A= EAW dutrd.

U@U —TQU D Aw=uury — Unltv.
Notice +hot +he defiaction of the wedge poduct

meansg -@ocau\:\ one-Forms U and U,

UA™ =0, and &/\ff = = VAU, \nour Vv ple,
A= dx"dy wot the orea element jn e X7y pafe.
Just as OlX/ ds ) erc e our bosg om-‘?orm,

elements such as dxAdy, ds'\d%. etc are our
basis two-forms .




Justas we depicted Scolof pioducts beiween
vectors and one-form a8 a number of intasectos,
we will depice geotar products (eq. Apw £¢Y)
between veciors ond two-formg as o numees ot
ntersechion between Hae two-form and e signed
ofeo gpannect by tne +wo vecters.
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We Can a\sd obtain o two-form fam o cne—form
D)y Usig an cpaater called e extenor desisstive .
On one- foreS, 1t (s qiven by =

’ A (wydx) = @;wvdm»AAu”‘ .

Let usvow compure d(d@) = A(Dypdx).
d (QvPdx) = BudvBdx*Adx®
="avajA¢dX"/\dxA
=-0u0y Bdx*Ady
S d(dg) vanishes!




AS o exOReE example, Lers compnte F= AR doc W Cose
where A egxisks ia W 2D gene, Moot is:
A= Agdx + Ay dy.

dA= 3,; AvdxX*A dxY, ad\o\JA and v CONAL 6Nl (x,\_)\

AR= Qu Adx* AAK < p Ay dxdy

AR= 9 A, dx Ax < a,o.jo\xms

¥ 04AxdyrAx < OyAydyrdy .

Sine dxrdx and dyrdq=0, and Axrdy = - dyrdx,
we fnol\y nove: F = (Bxﬂ-j—&,l\x) Ax Ady . e
ex¥rOsr clesisodioe of a oneform computes e cusl!



\n ows Last esson we encountred we
diffesestiol foems Adg = pdn, A= Apdx*,
ond F/ WM N WE NowWw KADW Wow YO eXPeSS O
trms of bacis A-Forms. e will get o kaow trese
difterentiol forms even betver by invegrating Hem.
ot R, bY considacing +we Wregrals

J’dqs , IA ’amo\ J,F.

This will alse iNuminate +he potuce of the
exvensr desSKVe, and we will S&& how 4o depict it.



Ld' S Coansides +na ’(o(\ovo‘t ‘\3 +tneee o\c‘oamms
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Just as we okP\‘dt& acclos produets between

| - forms aad vechsrs as
‘ \ 4ve nuwber of
(A desse eSS etween tvam e rals ot

dc‘%@(\f(ﬂ"“&l 4ocas puer same oo\l con e
depicted as Hhe number ok intearsections
be twed them.



Letus woosides §E = § Eide an

§4 = § Aidv’. E nastwe popecty ot
mﬂﬂ closed eooe (C-ﬁ. ) crosses ts curves
on even numbec of +cmes , onw (n ench divechon.
As eac posifive contrbution to He Znop i«\-ﬂ;ﬁm\
has a corNSpu\o.\inﬁ v\aSOrh‘de corpbfian , a\\
sucu 1ntegeedls tum out +o be- zero! Heonwwnile
A Lacks e feature . A has noa-zeso exfeulation \
Let us see Wow we con degiet e associated cust.



Recad\ Stokes) Tweores\ Jor e cucl

oot ((@xRy-ad= §a-di
M oH
I£ our chosed Loop integqral has o mn-2<o Ciceuodion

1T Means thad-Awe ocea it enc\osRS coavouns CaC\.
Thse Loops con be ode oc\dwcos‘\lnsm\\ oS Loy
as ey enclase pretisely W feokure  that

He gredieat of o fiadd doeswt have — +we
endpoints of 4we cucves ot denole Hwok
+Hwse cufues dowt closel



(denhifying 1Wese fesduces in o diogram ot A,
we con now undesstand He dlagram H4oc A= F.

X
We conciude +aed, tuat end poiits in o diagams
o€ Aflesential \-forms ove indicodive ot cucl
ot Hnot \ocodion, ond +he ectesiof destustiive
pickes ouf preusely these points.



Retuming to ow diae)mnéoc E, we ate thod
os E Whag zeso ax\, \¥ con Sa pepms«\kd PN

+he qadient of soma scatosicld|
I A
9

d 9
,9; - dég=E

2> X

We con wen uco&m%e At =ddg =0 (s —We.
liffeseiol formg version ot +e \dmh-\-j va¢—0
We will also see tinat AF =D, giving ddA=D to |




Let us compuwle dF.
AF = By (550 olx® A dxt 4 olx

= 304 (QuAy=duhn) o™ Aaxst Acky

= 3 ambjx Av ox* Adx*A dxV

= 3 0 OvAudX® AdxA adxY

Wi becomes zZe0 for +we same reason we sowd
Oudv Ppox” AdxY eaclier In +hig Lsson
poctial cusivohives qamute , walle 4w wedqe
poduct is antigymmetcicl  Asnis will occus Foc
any oitrential foem, we say | d*=0 |.




Let us summasize the wdodiony weoe

explored 50 <er *
0-Focm
A ] d
7 %> -
¢ v
—2 X
A I- form
A q — d
7172 I Y
A Vx
2

d
D O
d¢ S, N
—o % VxV¢=D
a-form
d
oA /*6 0
a.-)x.hz
> V-VXA=0

What about B-formg?



Letus recall Stokes’ thevsem g ivs feoi\or
vector calculus forms Fiest.

Si‘?(é-ai = ¢(B)- $(A)

Y
SSHG’?*E\-A’& = §a§5-di
Sjjﬂﬁ-éau = Py E-4d

Three forms (e-ﬂ- pP= ol%"o\:\"d%) ace volume forms
and 0ppeas wiun d-fcms have a non-zeso divesgence .



TV\(nkirE 04 basis I-feeme as sucfaws of constant
codrdkinakes, we kaow Hud \-forms an dapieted o
swias in ID a3 oppesed v Rines n 3D,
Tinkiag 4 posis 3-forms as wedges of bas's -forms,
W alsd k) a‘{b(MS LY\ B d¢pid'=d as Lines ay opyosec

1o single  polntS. 2 2




Depiching +o—Foms in this wayq in 3D, os

0te- dimangivnal curves inessected iy / in’tamdcd witia

fuo-dinnsionod sucfoces  ailows us +o undassicad
Stokes’ taren i its doffeseatriol foem:




Sumw\un: De,qd,opmﬂ +hwe \M&uﬂl&b o‘—g-
diffecential forms Lod us 4o the exterior desivadior,
wien we found i denhidies the “ecicior” (endpoints,
boundocies) o our depiction of a p-form , and Hells
hS Huat Hhage exkases cepiet our pil form | Stokes’
Theoredt Can be cost wto s language | winien
tells us when He exteriof (deimtive) of a form
Lies ™ e intenaC D@ an Mfa&m-\'im mani{old y
an integeod ot e form on e mon $o\ds beund ary
Wil gise He Some answes | END



